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Abstract 
A new approach to modeling of the plasticity of materials with nanostructure and ultrafine one has been proposed. Its 
main advantage is the minimum number of physical parameters in use. In the context of the proposed model, we calculated 
the volumetric density of the energy of surface tension of the material grains. This energy is a significant part of the internal 
energy during deformation. The size dependence of the melting temperature of nanoparticles was compared with experimental 
data. We obtained size dependence of the yield point on its basis. Yield point was interpreted as the result of changes of grains 
surface energy during the deformation. The obtained yield point dependence on the grain size was related to the Hall –Petch 
law, and this resulted in confirmation of the hypothesis on the crucial role of surface tension forces in the initial stage of 
plastic deformation of ultrafine materials. 
Copyright © 2016, St. Petersburg Polytechnic University. Production and hosting by Elsevier B.V. 
This is an open access article under the CC BY-NC-ND license ( http://creativecommons.org/licenses/by-nc-nd/4.0/ ). 
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 1. Introduction 
Materials with nano- and ultrafine structures have
extreme mechanical characteristics, which presents a
challenge in choosing the appropriate materials when
designing and computing machines and constructions.
The internal structure of a material can be modified
during the element construction process. For example,✩ Peer review under responsibility of St. Petersburg Polytechnic 
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its various parts through pressing. These opportunities
necessitate having to predict the mechanical character-
istics of a material at the machine design stage. This
prediction is even more important for designing new
materials. 
In order to make such a prediction, a model for
modifiying the mechanical properties of a material de-
pending on the size and the shape of structural el-
ements must be developed. The most important me-
chanical parameter of a construction material is its
yield point. On the one hand, the linear character of
the stress –strain curve in the absence of fluidity allows
to carry out fast and precise strength calculations; on
the other hand, the plastic flow of the material allowsction and hosting by Elsevier B.V. This is an open access article 
c-nd/4.0/ ). 
. 
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tional strength margin emerges due to the hardening 
phenomenon occurring in plastic zones. Plastic flow is 
the main type of strain that occurs under pressing and 
stamping. In this case, knowing the mechanical char- 
acteristics of the material, such as the yield point, is 
necessary for calculating the parameters of the tech- 
nological process. 
Plastic straining is accompanied by inelastic energy 
losses. The yield point value indicates the elastic en- 
ergy required for starting the plastic strain process 
in the material. Even though the plastic flow mode 
closely resembles the liquid-phase material straining, 
the specific energies required for heating the material 
up to the melting point and to complete melting down 
have significantly higher (about ten times) values than 
those of the elastic strain and the maximum possible 
(until material failure) plastic strain energies. 
Due to this difference, it is generally considered 
that the plastic strain mechanism is connected either 
to metal grain sliding [1,2] , or to the generation and 
the motion of the dislocations leading to microcrack 
growth [3–6] . 
Petch attributed the experimental dependence of the 
yield point on the mean grain size of the material to 
microcrack growth [7] . The relation of this type, i.e., 
the Hall–Petch relationship, is violated only for grain 
sizes less than 1 μm. In a way, it can be regarded as 
a method for testing various plasticity theories taking 
into account the grain size [1–3] . 
At the same time, microcrack formation does not 
always occur when the yield point is reached, espe- 
cially in materials with an ultrafine structure. 
According to the dislocation plasticity theory [8] , 
all mechanical characteristics strongly depend on the 
dislocation density on the surface of the grains. This 
quantity cannot be measured directly, so the predictive 
value of the dislocation approach is not particularly 
high. Mesomechanics [9] describes the plasticity as 
the result of combined dislocation effects, i.e., from a 
modeling standpoint, it includes the dislocation theory 
with all of its advantages and disadvantages. 
Therefore, the known plasticity mechanisms do not 
allow constructing a predictive calculation model for 
a material that would make it possible to predict the 
specific yield point values. 
Aside from yield point change, structural element 
refinement can also affect the melting temperature. 
The latter is determined experimentally for micro- and 
nanodisperse materials, but not as definitively as the 
yield point. For example, aggregate and powder metal- 
lic nanomaterials may have different melting temper- atures, whereas metallic nanopowders of pure metals 
in an inert-gas blanket are characterized by a decrease 
in the melting point with a decrease in nanoparticle 
sizes from 20 to 1–2 nm [10] . 
The change in the melting point is, apparently, con- 
nected to a reduction of the surface tension coefficient, 
since the probability of isolated atoms and molecules 
dislodging from the crystallite increases due to thermal 
motion. Additionally, the experimental dependence of 
the melting temperature on the surface tension coeffi- 
cient is known to be linear for various substances [11] . 
This experimental behavior indicates that interfacial 
interaction in crystallites does not have a strong effect 
on the surface tension forces and the melting process 
for an average crystallite size of about 100 μm. Con- 
sequently, the surface energy of crystallites can be re- 
garded as a separate component of the internal energy 
of the material. 
The influence of surface tension forces in crystal- 
lites on the yield point of the material has not yet been 
investigated. However, the very experimental proce- 
dure for measuring the surface tension forces based 
on the zero-creep mechanism [12] proves that such an 
influence exists. Therefore, if the dependence of the 
surface energy on the crystallite size is known, it is 
possible to predict the yield point variations while the 
structure of the metal is being refined. This is a pre- 
requisite for constructing a model that would allow 
predicting yield point values from the bulk density of 
the surface tension energy. 
2. An estimate for the relationship between the 
surface tension coefficient of the particles and their 
size 
The Gibbs –Tolman –König –Buff equation [13,14] 
for a spherical particle has the following form: 
∂ ln σ
∂ ln R 
= 
2δ
R 
(
1 + δR + 1 3 δ
2 
R 2 
)
1 + 2δR 
(
1 + δR + 1 3 δ
2 
R 2 
) , (1) 
where σ is the surface tension coefficient; R is the 
radius of a particle; δ is the Tolman constant equal (in 
order of magnitude) to the surface layer thickness of 
a particle. 
In the general case, this equation is unsolvable in 
the explicit form, since the constant δ depends on the 
radius. To solve it, the condition R  δ is accepted, 
which allows to eliminate the summands of the order 
O( 2δR ) . Integrating the Eq. (1) in this case leads to the 
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Fig. 1. Plots of the surface tension coefficient normalized to the 
constant σ0 versus the particle radius normalized by the constant δ. 
Curve 1 is the exact solution (4), curves 2 and 3 are the approxi- 
mations ( 2 ) and ( 3 ), respectively. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2. The experimental (points) and the calculated (lines 1–3) 
dependences of the gold melting point versus the average diameter 
d of its particles. The calculated values were obtained from the 
approximate Eq. (6) and ( 7 ) (curves 2 and 3 , respectively) and the 
exact solution ( 5 ) of the Eq. (1) (curve 1 ). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
dence. following well-known formula [15] : 
σ = σ0 
1 + 2δR 
, (2)
where σ0 is the surface tension coefficient for a flat
surface. 
Taking into account the condition R  δ, it is pos-
sible to obtain another asymptotic expression for the
surface tension coefficient [15] : 
σ = σ0 exp 
(
−2δ
R 
)
(3)
The solutions ( 2 ) and ( 3 ) are typically regarded as
the closest to the exact one. It is these solutions that
are commonly used for comparisons to the experimen-
tal data. 
However, there is a general solution of Eq. (1) , as-
suming that δ does not depend on R. It can be repre-
sented in an analytical form [12] : 
σ = σ0 R 
δ
exp 
( 
−
3 ∑ 
k=1 
x 2 k ln ( 
R 
δ
− x k ) 
3 x 2 k + 4 x k + 2 
) 
(4)
where x 1 = −0. 558 , x 2, 3 = −0. 721 ± 0. 822i are the
roots of a cubic equation 
3 x 3 + 6 x 2 + 6 x + 2 = 0. 
Fig. 1 shows the comparison of the exact solution
( 4 ) to the most frequently used approximations ( 2 ) and
( 3 ). Using the known linear relationship between the
melting temperature of the material and the surface
tension coefficient of the particles, and the solutions
( 2 )–( 4 ), we constructed a model dependence of the
melting temperature on the particle size. We obtained
the following expressions for the temperatures: 
T l = T 0 R 
δ
exp 
( 
−
3 ∑ 
k=1 
x 2 k ln ( 
R 
δ
− x k ) 
3 x 2 k + 4 x k + 2 
) 
, (5)
T l = T 0 (1 + 2δR ) , (6)
T l = T 0 exp 
(
−2δ
R 
)
. (7)
Fig. 2 shows these dependences for pure gold (ex-
perimental points and calculated curves). Comparing
the plots shows that the exact solution ( 5 ) is good
for describing the experimental data in the particle
size range from 3 to 20 nm. The approximate depen-
dences, obtained by the Formulae ( 6 ) and ( 7 ), pro-
duce a substantial error only in the range from 1 to
5 nm. 
Therefore, the exact solution ( 5 ) allows to satisfac-
torily describe the changes in the melting point. This
result makes it possible to apply the obtained depen-
dence of the surface tension coefficient on the particle
sizes to our further calculations with complete confi-
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Fig. 3. The normalized bulk density of the surface energy ρσ δ/ σ0 
versus the (R/δ) −1 / 2 value, and the linear approximations of the 
curve parts by the Hall–Petch dependence. Eq. (8) was used. 
 3. The connection between the yield point of a 
material and the surface tension energy of its 
particles 
As follows from Fig. 1 , the surface tension coeffi- 
cient rapidly decreases with a decrease in the particle 
size R / δ of the material, for particles with sizes less 
than 20 δ (about 20 nm). Its values for most metals 
with larger-sized structural elements are about σ 0 =1–
2 J/m 2 . The elastic energy stored in a metal through 
uniaxial tension up to the yield point is about 90 kJ/m 3 
for steels. Let us compare this energy with the bulk 
density of the surface tension energy ρσ . Let us as- 
sume, to simplify the estimates, that the particles have 
a spherical form, then the energy is going to equal 
ρσ =3 σ 0 / R . Already for a typical crystallite size of 
about 2 R = 120 – 200 μm, the ρσ value becomes equal 
to the maximum elastic strain energy. Consequently, 
the surface energy needs to be taken into account when 
constructing plastic deformation models for ultrafine 
materials. We can speculate that it is this quantity that 
determines the plastic deformation mechanisms in this 
case. 
To test this hypothesis, let us use the Hall–Petch 
law [16,7] which was discovered empirically. To ex- 
plain this law, Petch suggested examining the forma- 
tion and the growth of a microcrack in a grain with 
a characteristic dimension d (this diameter d = 2 R 
for our assumptions). Currently, the law itself, and the 
deviations from it for nanometer-sized crystallites are 
interpreted solely on the basis of the dislocation mech- 
anism of plastic deformation. 
According to the Hall–Petch law, the yield point τ
depends on the grain dimension d = 2 R of a polycrys- 
talline material and is expressed as 
τ = τ0 + K ( 2R ) − 1 2 , 
where τ 0 is some friction stress required for the dislo- 
cation glide; K is the material constant, often referred 
to as the Hall–Petch coefficient (both values are as- 
sessed from the experimental data). 
Let us consider the beginning of the plastic strain- 
ing process. For most metals, the strain grows essen- 
tially without any additional increase in stress. In the 
simplest case of uniaxial tension, this stress can be 
taken as constant. Therefore, the plastic strain energy 
should be proportional to the yield point. Let us as- 
sume that plastic strains lead to a growth of the in- 
ternal crystallite surface without substantially chang- 
ing their volume; then, when the plastic flow starts, 
the mechanical stresses should compensate both the 
elastic strains of the crystallites and the surface ten- sion forces. It follows, then, that the yield point is 
linearly related to the bulk density of the surface en- 
ergy. The behavior of this relationship makes it pos- 
sible to approximate the Hall–Petch law using the de- 
pendence of the specific surface energy of the ma- 
terial on the particle size. With the exact solution of 
the Gibbs –Tolman –König –Buff Eq. (4) , we can obtain 
an expression for the bulk density of the surface ten- 
sion energy in a material containing spherical particles. 
The obtained relationship is expressed in the following 
way: 
ρσ = 3 σ0 
δ
exp 
( 
−
3 ∑ 
k=1 
x 2 k ln ( 
R 
δ
− x k ) 
3 x 2 k + 4 x k + 2 
) 
(8) 
The normalized bulk density of the surface energy 
ρσ δ/ σ0 is shown in Fig. 3 versus the (R/δ) −1 / 2 value. 
The curve has several quasilinear parts. The figure 
shows linear approximations of the curve parts cor- 
responding to the Hall–Petch dependence. We should 
note that for grain sizes (2 R ) ranging from 4 δ to 2 δ,
there is a strong change in the approximating de- 
pendence parameters. The obtained dependence can 
be approximated using the Hall–Petch law; however, 
when the grain size is less than 2 δ, the bulk density 
of the surface energy reaches its limit value (about 
0. 913 σ0 /δ). The plots shown in Fig. 3 give reason for 
interpreting the plasticity as a variation in the surface 
energy. In other words, if the material started flowing, 
it means that the allowed value of the surface energy 
has been exceeded. 
The obtained dependences prove that surface en- 
ergy plays a key role in the transition from the elastic 
to the plastic strain. The proposed analysis of such 
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 dependences allows predicting the yield point values
from the known specific surface energies, without in-
volving any dislocation models. 
The estimates we have presented show that the ex-
act solutions of the Gibbs –Tolman –König –Buff equa-
tion allow to calculate the melting point with an ac-
curacy that is acceptable for practical use. The curve
of the normalized bulk density of the surface tension
versus the particle diameter is in agreement with the
Hall–Petch law in the d > 4 δ range and differs from it
for lower diameter values, which is consistent with the
experimental data. In the second case the exponent at
the particle size 2 R (that was equal to –1/2) changes
in the Hall–Petch law. For many metals this size is
just (4 –8) δ. 
4. Conclusions 
Thus, the surface tension energy plays a crucial
role in the plastic straining of ultrafine materials. This
mechanism allows constructing new calculation mod-
els for plastic straining without having to use disloca-
tion theory. 
The exact solution of the Gibbs –Tolman –König –
Buff equation makes it possible to describe the re-
lationship between the melting point and the particle
sizes ranging from 3 to 20 nm more adequately, which
goes to further prove that surface tension forces play
the decisive role in the initial phase of plastic straining
of ultrafine materials. 
The available experimental data on the plastic-flow
mesoprocesses depending on the curvature radius of
nanostructural elements [17] confirm this point of
view. 
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